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Abstract
J/ψ production in p–p ultra-peripheral collisions through the inelastic electromagnetic process, where 
the virtual photons emitted from the incoming nucleon interact with the partons in the target nucleon, is 
studied. The comparisons between the results of the equivalent photon approximation approach and the 
exact treatment ones are presented. Based on the method of Martin and Ryskin, the coherent and incoherent 
contributions are considered simultaneously. The distributions of Q2 (virtuality of the photon) and the 
total cross sections are calculated. The numerical results show that, the equivalent photon approximation 
approach is only effective in the Q2 → ∞ region where Q2max is small enough. It can be seen that an
improper choice of Q2max will cause obvious errors in the equivalent photon approximation approach (the 
total cross sections are more than twice larger than the exact ones), and the exact treatment needs to be 
adopted to dealing with the widely kinematics region of Q2.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
It is well known that, the electromagnetic processes in ultra-peripheral collisions (UPCs) can 
be studied by using the equivalent photon approximation (EPA) approach [1–4]. Based on the 
method of Fermi [5], Weizsäcker [6] and Williams [7], many topics are studied such as the 
determining of the nuclear parton distributions, small x physics, and heavy quarkonium produc-
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of the virtuality of photon Q2 [8]. When Q2 > 2γ , the virtual photo-absorption cross sections 
quickly decrease comparing with their values on the mass shell. The EPA approach could be 
a good approximation of the exact treatment only in the kinematics region of Q2 < 2γ (some 
detailed comparisons of the EPA approach with the exact analysis can be found in Refs. [9–14]). 
However, this kinematics restriction is not always considered in the previous works, where Q2max
is set to be the order of sˆ (the centre-of-mass (CM) frame energy square of the photo-absorption 
process) or even infinity [12,13]. Although the final results as the function of Q2 fall off rapidly 
along with the increasing Q2, errors from the Q2 > 2γ region can not be always neglected.
In this work, we consider the inelastic photoproduction of J/ψ in p–p UPCs, which has
received many researches in the EPA approach. We present the comparisons between the EPA 
approach with the exact treatment which recovers the EPA approach in the limit Q2 → 0 and 
can be considered as the generalization of Leptoproduction [15–17]. Two types of the photons 
emission processes are considered: coherent emission and incoherent emission [18]. In the first 
type, virtual photons coherently radiated by the whole proton which remains intact after the 
photon emitted. In the second type, photon incoherently radiated by the individual constituents 
(quarks) inside the proton, and the proton will dissociate or excite after the photon radiated. Since 
the two types should be considered simultaneously, a method developed by Martin and Ryskin 
[19], which introduced weighting factors for both coherent and incoherent parts in order to avoid 
the double counting problem, is used.
This paper is organized as follow. Section 2 presents the formulism for the calculations. 
The coherent and incoherent cross sections are introduced by using the Martin–Ryskin method. 
Taking the limit Q2 → 0, the equivalent photons approximation approach is also introduced. 
A preliminary discussion about the comparison between the equivalent photons approximation 
approach and the photon parton distribution function approach is presented. Section 3 illustrates 
the numerical results with the distribution of Q2. The total cross sections are also presented. In 
Section 4, we present the conclusions. To avoid confusion, the terminology “coherent” or “inco-
herent” is always used to describe the photon emission types in this paper, which is different in 
many literatures where the “coherent” and “incoherent” usually refer to the case that the photons 
interact with the whole target nucleus or the constituents in it. Finally, the “inelastic electromag-
netic process” in our work is only refer to the process that the virtual photons emitted from the 
incoming nucleon interact with the partons in the target nucleon, which corresponding to the 
inelastic photoproduction process in the EPA framework.
2. Formulism
Heavy quarkonium production processes [20–22] can be calculated by using the non-
relativistic quantum chromodynamics (NRQCD) factorization formulism [24]. However, the 
NRQCD prediction is breakdown and the color-octet channels exhibit collinear singularities in 
the region of z = 1, where diffractive production takes place. In order to screen the collinear 
singularities and exclude the elastic production which is due to the diffractive processes, we only 
consider the processes that the J/ψ is produced in association with an addition final particle 
(quark or gluon). It can be seen from the next section that, if the transverse momentum pT of 
J/ψ has a nonzero minimum value, the maximum value of z will less than 1. In fact, the pro-
cesses above naturally have the nonzero minimum values of pT in the corresponding CM frame 
when the virtuality of photon has a nonzero value [17]. In this work, we choose the cutoff that 
pT > mJ/ψ for the practical calculations.
388 J.-Q. Zhu, Y.-D. Li / Nuclear Physics B 904 (2016) 386–399Fig. 1. The coherent process that virtual photons radiated by the whole incident proton, and the incident proton remains 
intact after the photon emission. A and B denote the incident and target protons, b is the parton (quark or gluon) in 
proton B , A′ is the scattered proton A, b′ is the scattered parton b, and X is the sum of residue of B after scattering with 
the photon and the products except J/ψ .
2.1. Exact treatment
As a generalization of Leptoproduction framework, the exact treatment for the inelastic elec-
tromagnetic production of J/ψ in p–p UPCs is based on the expansion of the proton or quark 
tensor (multiplied by Q−2) by using the transverse and longitudinal polarization operators, and 
the formulism is analogous with Ref. [17].
For the coherent case, which illustrated in Fig. 1, the cross section can be written as
dσ (p + p → p + J/ψ + X)
=
∑
b
∫
dxbfb/p(xb,μ
2
b)dσ (p + b → p + J/ψ + b), (1)
where xb = pb/PB is the momentum fraction of the parton b (quark or gluon) struck by the 
virtual photon, fb/p(xb, μ2b) is the distribution function of massless parton b in proton B , and 
the factorized scale is chosen as μb = M =
√
m2J/ψ + Q2. According to NRQCD factorization 
formulism, the partonic cross section of p + b → p + J/ψ + b can be written as
dσ (p + b → p + J/ψ + b)
=
∑
n
〈
OJ/ψ [n]
〉
dσ (p + b → p + cc¯[n] + b), (2)
where [8]
dσ (p + b → p + cc¯[n] + b)
= α
2π
yρ
μν
cohTμν
dQ2
Q2
dy
y
dPS2
(
q + pb;pJ/ψ,p′b
)
2xbs
, (3)
y = (q · pb)/(PA · pb), Q2 = −q2, s is the CM frame energy square of the p–p collision, 
Tμν is the amplitude of reaction γ ∗ + b → J/ψ + b, and Hμν is the hadron tensor of proton, 
dPS2
(
q + pb;pJ/ψ,p′b
)
is the Lorentz-invariant phase-space measure [17], and
ρ
μν
coh =
(
−gμν + q
μqν
2
)
H2(Q
2) − (2PA − q)
μ(2PA − q)ν
2 H1(Q
2) (4)q q
J.-Q. Zhu, Y.-D. Li / Nuclear Physics B 904 (2016) 386–399 389Fig. 2. The incoherent process that the charged partons (quarks) in proton also can be regarded as the virtual photon 
sources, and the incident proton is allowed to break-up after the photon emission. A and B denote the incident and target 
protons, a is the charged parton in proton A, b is the parton (quark or gluon) in proton B , b′ is the scattered parton b, 
XA is the residue of A after photon emission, and X is the sum of residue of B after scattering with the photon and the 
products except J/ψ .
is the proton tensor multiplied by Q−2. Analogously, the cross section for the incoherent case 
(Fig. 2) can be obtained. Under ultra-relativistic condition, the incident proton can also be 
regarded as a beam of freely moving elementary constituents [13], which is same as the quark-
parton model. Therefore we have
dσ (p + p → XA + J/ψ + X)
=
∑
a,b
∫
dxadxbfa/p(xa,μ
2
a)fb/p(xb,μ
2
b)
×
∑
n
〈
OJ/ψ [n]
〉
dσ (a + b → a + cc¯[n] + b), (5)
where xa = pa/PA, fa/p(xa, μ2a) is the distribution function of charged parton a in proton A
(μa is chosen as M in this work),
dσ (a + b → a + cc¯[n] + b)
= α
2π
e2ayρ
μν
incohTμν
dQ2
Q2
dy
y
dPS2
(
q + pb;pJ/ψ,p′b
)
2xaxbs
, (6)
ea is the charge of massless quark a, y = (q · pb)/(pa · pb) for the incoherent case, and the 
massless quark tensor multiplied by Q−2 is
ρ
μν
incoh =
(
−gμν + q
μqν
q2
)
L2(Q
2) − (2pa − q)
μ(2pa − q)ν
q2
L1(Q
2). (7)
The elastic proton form factors in Eq. (4) can be described as
H1(Q
2) = F 21 (Q2) −
q2
4m2p
F 22 (Q
2),
H2(Q
2) =
(
F1(Q
2) + F2(Q2)
)2
. (8)
In Martin–Ryskin method [19], the coherent probability, or weighting factor, is described by 
F 2(Q2), and the contributions from F2(Q2) have been neglected which dose not change the 1
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the derivation of the photon flux function for proton in EPA. Therefore,
H1(Q
2) = H2(Q2) = F 21 (Q2), (9)
and F1(q2) can be parameterized by the dipole form
F1(Q
2) = 1(
1 + Q2/0.71 GeV)2 . (10)
For the incoherent contribution, it must be considered the “remaining” probability in order to 
avoid double counting, and L1(Q2), L2(Q2) in Eq. (7) take the forms of
L1(Q
2) = L2(Q2) = 1 − F 21 (Q2). (11)
By using the linear combinations [8]
Qμ =
√
−q2
(q · pb)2 − q2p2b
(
pb − q q · pb
q2
)μ
Rμν = −gμν + (q · pb)(q
μpνb + qνpμb ) − q2pμb pνb − p2bqμqν
(q · pb)2 − q2p2b
, (12)
ρμν can be presented as
ρμν = ρ++Rμν + ρ00QμQν, (13)
where ρ++ = 12Rμνρμν , ρ00 = QμQνρμν . It can be seen that, Rμν and QμQν also refer to 
transverse and longitudinal polarization [17]: Rμν = εμνT , QμQν = −εμνL , and the cross section 
of the coherent subprocesses p + b → p + cc¯[n] + b can be written as
d3σ
dydQ2
(p + b → p + cc¯[n] + b)
= α
2π
[
yρ++coh
Q2
σT
(
γ ∗ + b → cc¯[n] + b)+ yρ00coh
Q2
σL
(
γ ∗ + b → cc¯[n] + b)]
= α
2π
Fb[n]
[
yρ++coh
Q2
Tb[n] − yρ00cohLb[n]
]
dtˆ, (14)
where
ρ++coh = F 21 (Q2)
[
1 + (1 − y)2
y2
− 2m
2
p
Q2
]
ρ00coh = F 21 (Q2)
4(1 − y)
y2
, (15)
Fb[n], Tb[n] and Lb[n] can be found in Refs. [17,25]. In the same way, the cross section for the 
incoherent subprocesses a + b → a + cc¯[n] + b can be written as
d3σ
dydQ2
(a + b → a + cc¯[n] + b)
= α
2π
e2a
[
yρ++incoh
Q2
σT
(
γ ∗ + b → cc¯[n] + b)+ yρ00incoh
Q2
σL
(
γ ∗ + b → cc¯[n] + b)]
= α
2π
e2aFb[n]
[
yρ++incoh
Q2
Tb[n] − yρ00incohLb[n]
]
dtˆ, (16)
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ρ++incoh =
(
1 − F 21 (Q2)
)
1 + (1 − y)2
y2
ρ00incoh =
(
1 − F 21 (Q2)
)
4(1 − y)
y2
. (17)
2.2. The equivalent photons approximation
In the EPA approach, the moving electromagnetic fields of charged particles are treated as a 
flux of quasi-real photons. The framework of EPA can be obtained by taking Q2 → 0 in the above 
formulas, and the thorough discussion can be found in Ref. [8]. When Q2 → 0, the photon is 
emitted parallel to the proton or quark, and the variable y becomes the usual momentum fraction 
(q+/P+A for coherent case and q+/p+a for incoherent one) in the light-front formulism. Since 
the collinear factorization framework is used for the parton a and b distributions, xa and xb are 
also equal to p+a /P+A and p
+
b /P
+
B , respectively. Therefore, the variable xa , xb and y used for the 
EPA approach are the usual momentum fractions in the light-front formalism.
For the coherent case, we have

μν
L → −
1
q2
qμqν

μν
T → −gμν +
1
q · pb (q
μpνb + qνpμb ). (18)
Since qμTμν = 0, Eq. (14) becomes
dσ
dy
(p + b → p + cc¯[n] + b) =
[
α
2π
(yρ++coh )
dQ2
Q2
]
dσ (γ + b → cc¯[n] + b)
= fγ |coh(y)dσ (γ + b → cc¯[n] + b) , (19)
where
dσ (γ + b → cc¯[n] + b) = −g
μνTμν |Q2=0
2sˆ
dPS2
(
q + pb;pJ/ψ,p′b
)
, (20)
sˆ = (q + pb)2 = xbs. It should be point out that, since σT
(
γ ∗ + b → cc¯[n] + b) and σL(γ ∗ +
b → cc¯[n] + b) in Eq. (14) and Eq. (16) are multiplied by the factors of Q−2, terms which are 
proportional to Q2 in σT and σL also provide non-zero contributions while Q2 → 0. In fact, 
σT (σL) and Q−2 multiplied with it are handled separately in EPA approach. This treatment 
may be seem as a source of error, but the error is so small and can be neglected without any 
noticeable effect. On the other hand, the longitudinal photon contributions are much smaller than 
the transverse ones for most values of Q2, the omission of the longitudinal contributions in EPA 
approach will not provide any obvious error.
The LO partonic cross sections dσ (γ + b → cc¯[n] + b) can be found in Refs. [26–28], and 
Ref. [29] presents a complete list. The photon flux, as an important function in the EPA approach, 
associated with the whole proton is
fγ |coh(y) =
∫
dQ2
Q2
α
2π
(yρ++coh )
= α
∫
dQ2
2 F
2
1 (Q
2)
[
1 + (1 − y)2 − 2m
2
p
2
]
. (21)2π Q y Q
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Q2 has been integrated out by setting Q2max → ∞. On the other hand, an approximate analytic 
expression of Eq. (21) is developed by Drees and Zeppenfeld [12], which is widely used in the 
literatures. By setting Q2max → ∞, and neglect the m2p term in ρ++coh , they obtained the form of
fγ |coh(y) = α2π
1 + (1 − y)2
y
[
lnA − 11
6
+ 3
A
− 3
2A2
+ 1
3A2
]
, (22)
where A = (1 +0.71 GeV2/Q2min). Eq. (22) has been used in the inelastic quarkonium photopro-
duction in p–p interactions at LHC energies, a recent work can be found in Ref. [30]. Similarly, 
the incoherent photon flux can be presented as
fγ |incoh(y) = α2π e
2
a
1 + (1 − y)2
y
∫
dQ2
1 − F 21 (Q2)
Q2
= α
2π
e2ady
1 + (1 − y)2
y
(
ln
Q2max
Q2min
−
∫
dQ2
F 21 (Q
2)
Q2
)
, (23)
and Eq. (16) becomes
dσ
dy
(a + b → a + cc¯[n] + b) = e2afγ |incoh(y)dσ (γ + b → cc¯[n] + b) . (24)
Eq. (24) (without the −F 21 (Q2) term) has been used to calculate the inelastic incoherent pho-
toproduction of heavy quark and quarkonium in Ref. [31], where the cutoff Q2 > 1 GeV2 is 
used.
It can be seen that, there is a logarithmic term α log(Q2max/Q2min) in Eq. (23) for incoherent 
case, which should be resummed in principle at sufficient high Q2 scales by using a QED-
corrected DGLAP evolution [32]. In fact, EPA approach is identical to the normal DGLAP 
formalism which is used to prove factorization theorems in pQCD and specialized to Abelian 
QED. Therefore, Martin, Roberts, Stirling and Thorne (MRST) in Ref. [32] developed the pho-
ton parton distribution function (PDF) γ (x, Q2) based on the EPA input. Comparing with the 
analysis of NNPDF group [33] where the freely parametrized (without bias) starting distribu-
tions are used, MRST provides a formulism which can be calculated theoretically with good 
accuracy, especially at low x. For the photon PDF, the QED-corrected evolution equation is (at 
leading order in α)
∂γ (x,Q2)
∂ logQ2
= α
2π
1∫
x
dy
y
(
Pγγ ⊗ γ +
∑
i
e2aPγq ⊗ qa
)
, (25)
where Pγγ and Pγq are the splitting functions, qa is the charged parton a distribution, and 
γ (x, Q2) is defined as the sum of coherent and incoherent contributions [19]
γ (x,Q20) = γcoh + γincoh. (26)
γcoh has a similar form as Eq. (21) but with somewhat different interpretation that
γcoh(x,Q
2
0) =
α
2π
∫
dQ2
Q2
F 21 (Q
2)
[
1 + (1 − x)2
x
− 2m
2
p
Q2
]
= α
2π
1 + (1 − x)2
x
Q2<Q20∫
dQ2T
Q2T
Q2T + x2m2p
F 21 (Q
2), (27)0
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Q2T = (1 − x)(Q2 −
x2
1 − xm
2
p). (28)
Eq. (27) can be interpreted that a photon emitted with a small transverse motion less than the scale 
Q20 is considered as a part of the proton stricture and is absorbed into the photon distribution. 
Comparing with Eq. (21), the maximum value of Q2 in the photon PDF should be chosen to be 
the order of the hard scale which characterizes the photo-absorption interaction. γincoh can be 
presented as the convolution of Eq. (23) with the charged parton distributions
γincoh(x,Q
2
0) =
α
2π
Q20∫
Q2min
dQ2
Q2 + m2a
(
1 − F 21 (Q2)
)
×
1∫
x
dz
z
∑
a
fa/p
(
x
z
,Q2
)
1 + (1 − z)2
z
. (29)
The thorough discussion can be found in Refs. [19,32].
It is easy to see that, the total cross section for the J/ψ inelastic photoproduction in p–p UPCs 
can be presented by using the MRST photon PDF
σ =
∑
b
∫
dxγ dxbγ (x
γ ,μ2γ )fb/p(xb,μ
2
b)σˆ (γ + b → J/ψ + b), (30)
where μγ is the factorization scales. In this approach, the maximum value of Q2 is set to be μ2γ , 
which should be chosen to be the order of the hard scale of the γ +b → J/ψ +b interaction. This 
is somewhat different comparing with the traditional EPA approach where the bounds of Q2 are 
obtained from the kinematic limit or other practical considerations. In fact, Q2max in the photon 
PDF approach can be thought as the scale which separates the long-distance physics (the photon 
PDF) and the short-distance one (γ +b → J/ψ +b process). By contrast, Q2max in the traditional 
EPA approach is just a parameter in the short-distance physics (a + b → a + J/ψ + b process), 
and the long-distance physics is characterized by the factorization scale μa for the charged parton 
a distribution function. In the practical calculation, the difference between the two approach is 
represented by the choices of μγ , μa and μb. Nevertheless, the scale dependence of the final 
results and the detail comparisons between the traditional EPA approach with the photon PDF 
approach need to be further studied. In the present work, we only concentrate on the comparisons 
between the exact results and the traditional EPA ones based on Eq. (21) and Eq. (23), where 
μ2a = μ2b = M2 and the bounds of Q2 are obtained from the kinematic limit.
3. Numerical results and discussion
The partonic Mandelstam variables for γ ∗ + b → cc¯[n] + b processes are defined as
sˆ = (q + pb)2,
tˆ = (q − pJ/ψ)2,
uˆ = (pb − pJ/ψ)2. (31)
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calculations. By using the inelasticity variable z = (pJ/ψ ·PB)/(q ·PB), the partonic Mandelstam 
variables for both coherent and incoherent cases can be presented as
sˆ = m
2
J/ψ
z
+ p
2
T
z(1 − z) ,
tˆ = −(1 − z)(sˆ + Q2),
uˆ = m2J/ψ − z(sˆ + Q2), (32)
where pT is the transverse momentum of J/ψ in the γ ∗ − b CM frame. According to Eq. (32), 
we have
sˆmin = (mT + pT )2,
tˆmax = −(1 − zmax)sˆ,
tˆmin = −(1 − zmin)sˆ, (33)
and
zmin =
m2J/ψ + sˆ
sˆ
−
√
(sˆ − m2J/ψ)2 − 4p2T sˆ
2sˆ
,
zmax =
m2J/ψ + sˆ
sˆ
+
√
(sˆ − m2J/ψ)2 − 4p2T sˆ
2sˆ
, (34)
where mT =
√
p2T + m2J/ψ . It can be seen that, since pT is set to be larger than mJ/ψ , zmax is 
less than 1.
The boundaries of the photon virtuality Q2 can be determined as follow. In γ ∗ − b CM frame 
we have
EA = 12√s0 (s0 + m
2
p),
Eb = 12√s0 (s0 − m
2
p),
PA = −pb = P, (35)
where mb = 0, PA = (EA, PA), P ′A = (E′A, P′A), pb = (Eb, pb), q = PA − P ′A, and s0 = xbs. 
According to
sˆ = q2 + 2(EA − E′A)p0b − 2q · pb,
q2 = 2m2p − 2EA · E′A + PA · P′A, (36)
we have
E′A = 12√s0 (s0 − sˆ + m
2
p), (37)
and the bounds of Q2 for coherent case can be obtained as
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1
2s0
[
(s0 + m2p)(s0 − sˆ + m2p)
+ (s0 − m2p)
√
(s0 − sˆ + m2p)2 − 4s0m2p
]
= s0 − sˆ +O(m2p),
Q2min|coh = −2m2p +
1
2s0
[
(s0 + m2p)(s0 − sˆ + m2p)
− (s0 − m2p)
√
(s0 − sˆ + m2p)2 − 4s0m2p
]
= x
2
1
1 − x1 m
2
p +O(m4p), (38)
where x1 = sˆ/s0. In the present work, we use the approximation forms [13]
Q2max|coh = (1 − x1)s0,
Q2min|coh =
x21
1 − x1 m
2
p, (39)
for the integration of Q2. Analogously, the bounds of Q2 for incoherent case can be obtained 
that
Q2max|incoh = (1 − x2)s0,
Q2min|incoh =
x22
1 − x2 m
2
a, (40)
where x2 = sˆ/s1, s1 = xaxbs. Since we set ma = 0, Q2min|incoh → 0. For EPA approach, x1 =
x2 = y, and the boundaries of Q2 are also used in the calculations except the case of Drees 
and Zeppenfeld photon flux function (Eq. (22)) where Q2max|coh is set to be ∞ according to the 
literatures.
Finally, the long-distance matrix elements of NRQCD used in this paper can be found in 
Ref. [34], where〈
OJ/ψ
[
3S1
(1)
]〉
= 1.2 GeV3,〈
OJ/ψ
[
1S0
(8)
]〉
= 1.8 × 10−2 GeV3,〈
OJ/ψ
[
3S1
(8)
]〉
= 1.3 × 10−3 GeV3, (41)
and the relations〈
OJ/ψ
[
3P0
(8)
]〉
= m2charm
〈
OJ/ψ
[
1S0
(8)
]〉
〈
OJ/ψ
[
3PJ
(8)
]〉
= (2J + 1)
〈
OJ/ψ
[
3P0
(8)
]〉
(42)
are used, where mcharm = 0.5mJ/ψ . The mass parameters are chosen as [35]
mJ/ψ = 3.097 GeV, mp = 0.938 GeV, (43)
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the strong coupling constant is taken as the 1-loop form
αs = 12π
(33 − 2nf ) ln(μ2/2) (44)
with nf = 3 and  = 0.2 GeV, and the electromagnetic coupling constant is chosen as 1/137
in our calculations. Finally, we employ the NNLO set by Martin, Motylinski, Harland-Lang and 
Thorne (MMHT2014) for the proton parton distribution functions [36] with nf = 3.
The comparisons between the exact results and the EPA ones can be found in Fig. 3, where 
we use blue lines for coherent cases (coh.) and red lines for incoherent ones (incoh.). The solid 
lines represent the exact results, the dash lines represent the results of EPA approach based on 
the photon flux function of Eq. (21) for coherent case and Eq. (23) for incoherent one, the dot 
lines denote the results of EPA approach with the form of Drees and Zeppenfeld (Eq. (22)) for 
coherent case. It can be seen that:
1. For coherent case, the result of EPA approach (the photon flux function of Eq. (21)) is 
aligned with the exact one in the limit of Q2 → 0, since EPA approach can be obtained by 
setting the photon virtuality Q2 → 0 and only considering the transverse photon contributions. 
However, the result of EPA approach with the form of Drees and Zeppenfeld (the photon flux 
function of Eq. (22)) can not be aligned with the exact one in the small Q2 → 0 region, since the 
contribution of the m2p term neglected in this form is obvious when Q2 is not much larger than 
m2p . In the large Q2 region, the EPA results from Eq. (21) and Eq. (22) become consistent with 
each other, and have some non-negligible errors comparing with the exact results. Therefore, the 
EPA approach as a good approximation is only suitable in the small Q2 region where Q2max → 0, 
and Q2max ∼ sˆ or ∞ in Eq. (21) and Eq. (22) will cause obvious errors.
2. The incoherent contribution can be neglected comparing with coherent one when Q2 <
0.01 GeV2, since the condition for coherence [1,18] that the coherent contribution dominates 
the electromagnetic processes in the region of Q2 < R−2p = 0.027 GeV2, where Rp is the size 
of proton. When Q2 > 0.01 GeV2, the incoherent contribution becomes obvious, and dominates 
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Comparisons of the total cross sections.
σcoh. σincoh. σtotal
Exact 9.8778 nb 9.6292 nb 19.5070 nb
EPA 15.8134 nb 32.6155 nb 48.4289 nb
EPA with D–Z 25.0771 nb 57.6926 nb
the inelastic electromagnetic processes in the region of Q2 > 0.1 GeV2. In fact, the incoherent 
contribution for the total cross section is comparable with the coherent one (see below). On the 
other hand, the result of EPA approach is aligned with the exact one when Q2 < 0.1 GeV2, and 
becomes much larger than the exact one in the large Q2 region. Therefore, the EPA approach is 
not a good approximation to deal with the incoherent case, and the results in Ref. [31] are not 
sufficient accurate.
3. If we do not adopt the Martin–Ryskin method, the incoherent contribution will always much 
larger than the coherent one in the whole region of Q2, which will cause unphysical results since 
the coherence condition is violated. For this reason, we calculated the incoherent photoproduc-
tion based on the cutoff Q2 > 1 GeV2 in Ref. [31]. By using the Martin–Ryskin method, the 
unphysical large value of incoherent contribution in small Q2 region is naturally declined.
The comparisons of total cross sections can be found in Table 1. It can be seen that, the EPA 
result is about 1.6 times larger than the exact one for coherent case, and about 3.4 times for 
incoherent case. For σtotal, the EPA result is about 2.5 times larger than the exact one. If the 
photon flux function of Drees and Zeppenfeld form (Eq. (22)) is used, the EPA result (EPA with 
D–Z) is about 2.5 times larger than the exact one for coherent case, and about 3.0 times for σtotal. 
The reason for the terrible problem is that Q2max in the EPA approach is set to be the order of sˆ
(Eqs. (21) and (23)) or even infinity (Eq. (22)). Therefore, the dynamical cut off 2γ should be 
considered in the practical calculations when the EPA approach is used. However, the definite 
values of the 2γ for different processes are different, and still need further studies. Nevertheless, 
for the inelastic J/ψ photoproduction, it can be seen from Fig. 3 that, the EPA approach would 
be a good approximation only in the region of Q2 < 10−4 GeV2 where the coherent contribution 
dominates. For incoherent case, the EPA approach is not a effective treatment since it dominates 
the total contribution in the large Q2 region where the errors are obvious, and the exact treatment 
is needed.
4. Conclusion
In this paper, we consider the inelastic photoproduction of J/ψ in p–p ultra-peripheral colli-
sions, and present the comparisons between the results of the equivalent photon approximation 
approach and the exact treatment ones. The coherent and incoherent photon emission processes 
are simultaneously considered by using the Martin–Ryskin method. The exact treatment can be 
seen as the generalization of Leptoproduction approach, and recovers the corresponding pho-
toproduction in the limit Q2 → 0. The numerical results shows that, the equivalent photons 
approximation can not provide sufficient accurate results for J/ψ inelastic electromagnetic pro-
duction in p–p ultra-peripheral collisions while the improper Q2max is chosen for the calculations. 
The equivalent photon approximation approach can be used to deal with the coherent process 
where Q2max is small enough. However, this approach is not a good approximation for the in-
coherent case which dominates the inelastic electromagnetic process in the large Q2 region. If 
398 J.-Q. Zhu, Y.-D. Li / Nuclear Physics B 904 (2016) 386–399one needs to consider the inelastic electromagnetic J/ψ in a widely Q2 region, the equivalent 
photon approximation approach is not effective, and the exact treatment should be adopted.
The framework discussed in this paper can also be used to deal with the inelastic electromag-
netic production in p–p central collisions which can be considered as the high order corrections 
for the leading order strong interactions. In fact, this issue has been considered in the previous 
works where the inelastic dileptons, photons, light vector meson, and J/ψ photoproduction at 
LHC energies are studied [37]. However, as the discussions above, results in these works are 
not accuracy enough because the improper choices of Q2max, and further works to examine the 
results in these paper are needed. Finally, an analogous exact approach to treat the two-photon 
processes still need further study, since the combination of the two proton or quark tensors in this 
case provide more complicated polarization expansions.
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